We investigate one-dimensional quantum mechanical systems which have type A N -fold supersymmetry with two different values of N simultaneously. We find that there are essentially four inequivalent models possessing the property, one is conformal, two of them are hyperbolic (trigonometric) including Rosen-Morse type, and the other is elliptic.
Introduction
Discovery of quasi-exact solvability in quantum mechanics [1, 2] has promoted the investigation of quantum systems which admit exact solutions. Recently, this concept was combined within the framework of N -fold supersymmetry [3] , which is a natural generalization [4] of ordinary supersymmetric quantum mechanics [5] . Furthermore, a systematic algorithm for constructing an N -fold supersymmetric system was established based on the connection between (weak) quasi-solvability and N -fold supersymmetry [6] . Up to now, three different families of N -fold supersymmetric systems have been found for arbitrary finite integer N , namely, type A [7, 8] , type B [9] , and type C [6] , which have correspondence with the classification of second-order linear differential operators preserving a monomial-type vector space [10] .
One of the intriguing aspects of N -fold supersymmetry is its dynamical breaking. We can actually observe the phenomenon through the nonperturbative effect due to the quantum tunneling [11, 12] . In particular, there are several characteristic features which are different from the case of ordinary supersymmetric quantum mechanical systems [3] . In the case of N -fold supersymmetry, semi-positive definiteness of the spectrum is not guaranteed, more than one state can be invariant with respect to one supercharge, and so on. Actually, it is shown that the latter fact can lead to a novel phenomenon, namely, partial breaking of N -fold supersymmetry [6] . Hence, it is interesting to find out a realistic physical system with N -fold supersymmetry.
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On the other hand, ordinary supersymmetric quantum mechanical systems have been extensively studied more than two decades (for a review, see e.g. [14] ). In particular, several realistic physical systems having ordinary supersymmetry have been found not only for nonrelativistic scalar systems but also for Pauli and Dirac systems [15, 16, 17, 18, 19, 20, 21, 22, 23] . Hence, it suggests that we shall begin with looking for an ordinary supersymmetric system which has N -fold supersymmetry as well, as a starting point of the aforementioned purpose. This observation naturally leads us further to consider more general situation where a system has simultaneous N -fold supersymmetry with two different values of N . In this article, we show a family of that kind of quantum mechanical systems.
In the following, we first review the definition of N -fold supersymmetry and extend it to the concept of simultaneous N -fold supersymmetry with two different values of N . In Section 3, we fully investigate the condition for simultaneous N -fold supersymmetry with respect to two different type A N -fold supercharges and classify the models possessing that property. Finally, we summarize the results and discuss some future problems.
N -fold Supersymmetry and Quasi-solvability
First of all, we shall review the concept of N -fold supersymmetry in onedimensional quantum mechanics. Let q denote a bosonic coordinate, and let ψ and ψ † be fermionic coordinates satisfying
We define a super-Hamiltonian H by
where H ± is a pair of ordinary scalar Hamiltonians:
With a monic N th-order linear differential operator
N -fold supercharges Q ± N are introduced by
where the operators P ± N are defined by
the superscript t denoting the transposition. Then, the system H is said to have N -fold supersymmetry if it satisfies
One of the most important aspects of N -fold supersymetry is that the component Hamiltonians H − and H + are always weakly quasi-solvable with respect to the operators P − N and P + N , respectively [3, 8] . That is, H ± leave the kernels of P ± N invariant:
As a consequence, we can in principle diagonalize algebraically the Hamiltonians H ± in the finite N -dimensional vector spaces V Next, the system H is said to have (N 1 , N 2 )-fold supersymmetry if it commutes with two different N i -fold supercharges (i = 1, 2) simultaneously, namely,
Without loss of generality, we can assume N 1 > N 2 . In this case, it is evident that the components H ± of the system H preserve two vector spaces V
In what follows, we shall investigate the (N 1 , N 2 )-fold supersymmetric systems with respect to two type A N i -fold supercharges (i = 1, 2), which we hereafter call type A (N 1 , N 2 )-fold supersymmetric. It was briefly discussed in Ref. [8] in a different context, but here we will make a precise treatment. The component of the type A N i -fold supercharge is defined by
According to Ref. [8] , the neccessary and sufficient condition for type A N i -fold supersymmetry is the following:
where R i is a constant, and the functions W i (q) and
In order that the pair of potentials V
, where R 3 is a constant. From Eq. (12) we immediately have
where R = R 1 + R 3 − R 2 . The first condition (15) is easily integrated as
where C is a constant. Noting that W i satisfy Eq. (13), we conclude that
Substituting Eqs. (17) and (18) into Eq. (16), we obtain
To investigate Eqs. (19) and (20), it is more convenient to recall the fact that the type A Hamiltonians can be represented as [8] 
where A(z) and Q i (z) are polynomials of at most fourth-and second-degree, respectively, and related to E(q) and W i (q) as
The gauge potentials W
in Eq. (21) are given by
From the relation (23), we obtain 
2 Here we fix the irrelevant multiplicative constants for H[A] and T [A] after Refs. [8, 26] , which are different from those in Refs. [24, 25] .
We note that the conditons (28) and (29) are expressed as algebraically covariant forms under the projective transformations GL(2, K) (K = R or C) on A(z) and Q 1 (z) (cf. Refs. [8, 26] ):
where α, β, γ, δ ∈ K and ∆ = αδ − βγ = 0. We can easily show that the polynomial A(z) of at most fourth-degree is transformed to one of the five canonical forms listed in Table 1 by the GL(2, C) transformation. Hence, it is sufficient for us to examine each of the five cases separately. From the last column of Table 1 , we see that for Cases I and III we should first apply the condition (29) while for Cases II, IV, and V we should just apply the condition (28) .
Before proceeding to the case-by-case study, we shall investigate the solvable sectors V 
where
are given by
Substituting Eqs. (17) and (18) into the latter equation, we finally obtain
Classification of the Models
In this section, we shall present a detailed classification of the five cases listed in Table 1 .
Case I:
In this case, the solution of Eq. (29) 
Case II:
In this case, the conditon (28) is satisfied only if
We set b
(1) 0 = N 2 without loss of generality. The functions E and W 1 in the supercharge, potentials, and solvable sectors are given by as the followings.
Supercharge:
Potentials:
Solvable sectors:
Case III:
In this case, the solution of Eq. (29) reads b
(1) 0 = 0. Then, the potentials become trivial.
Case IV:
In this case, the condition (28) 
(1) 1 = 2N 2 ν without loss of generality. The functions E and W 1 in the supercharge, potentials, and solvable sectors are given by as the followings.
Next, when b 
(1) 0 = 2N 2 ν without loss of generality. The functions E and W 1 in the supercharge, potentials, and solvable sectors are given by as the followings.
Case V:
In this case, the condition (28) is satisfied only if
2 b
(1)
1 b
(1) 2 = N 2 without loss of generality. Then, the latter set of conditions is equivalent to
If we introduce the values of the Weirstrass function ℘(q) at the half of the fundamental periods 2ω l
which all satisfy the algebraic equation of third-degree 4e
where k = 1, 2, or 3. Substituting the latter expression for R into Eq. (50), we obtain
where H 2 l is defined by
Finally, The functions E and W 1 in the supercharge, potentials, and solvable sectors are given by as the followings.
Concluding Remarks
In this article, we have solved the condition for simultaneous N -fold supersymmetry with respect to two type A N -fold supercharges and classified all the possible models. It turns out that there are essentially four inequivalent models possessing the property, the first is conformal, the second is Rosen-Morse type, the third is another hyperbolic (ν > 0) or trigonometric (ν < 0) type, and the last is elliptic. However, it does not mean that we have exhausted the investigation for (N 1 , N 2 )-fold supersymmetric models. Indeed, it is interesting to study possibility for another family of simultaneous N -fold supersymmetry, namely, with respect to two type B, two type C, or two different types of N -fold supercharges.
One may be curious about the relation between type A (N 1 , N 2 )-fold supersymmetry investigated here and type C N -fold supersymmetry with N = N 1 + N 2 in Ref. [6] since they are similar in the sense that both of them preserve two type A monomial spaces of dimension N 1 and N 2 . In this respect, we would like to stress at least three significant differences between them. First, a pair of Hamiltonians of the former is related by N 1 th-and N 2 th-order differential operators while that of the latter is by an differential operator of order N 1 + N 2 . Second, the gauge potentials which connect the spaces acted by the Hamiltonians and the monomial spaces are different between the former and the latter systems. Third, solvable sectors of type C N -fold supersymmetry always decomposes as a direct sum of two spaces while those of type A (N 1 , N 2 )-fold supersymmetry may not, that is, the two spaces which together constitute it through Eq. (32) can have nontrivial intersection, V
In this article, we have not touched upon underlying mathematical details such as those investigated in Ref. [27] since our present motivation rather comes from physical applications. Thus, it is interesting to see, for instance, what kind of supercharges we will obtain for our case after the process of the optimization of supercharges in Ref. [27] .
Finally, we note that we have not restricted the potentials to be real so that we could classify the models into less number of inequivalent classes. Hence, some of the models presented here may not describe a realistic physical system, which is one of the reason why we have avoided to discuss normalizability of the solvable sectors. In this respect, we have found that a certain subclass of the present models would actually fit in describing a physical system and would lead to dynamical (non-)breaking of N -fold supersymmetry, which we would like to report in a subsequent publication [28] .
